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Abstract
In this paper we first study the topology of certain manifold complements. The obtained results are then used to show that the
ϕ-category (cf. Lusternik–Schnirelmann category) of some pairs of manifolds is infinite. Finally, in the last section the equivariant
case is considered, examples of equivariant mappings with infinitely many critical orbits being provided.
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1. Introduction
Recall that the ϕ-category of a pair (M,N) of differentiable manifolds is defined as ϕ(M,N) := min{#(C(f ) |
f ∈ C∞(M,N)}, where C(f ) is the critical set of f . Consider two compact connected differentiable manifolds
such that dimM  dimN and observe that, according to Ehresmann’s theorem, that can be found for instance in
[1, p. 15], the equality ϕ(M,N) = 0 holds iff there is a fibration of M over N . Consequently whenever we have
ϕ(M,N) 1, the ϕ-category ϕ(M,N) is a measure of the deviation from there being fibrations of the pair (M,N).
Examples of such pairs, having their ϕ-category bigger then or equal to one, are provided by any pair (Mn+1,Nn)
whose components satisfy the topological condition πq(M) / πq(N) for some q  3. Indeed, otherwise there should
exist a differentiable mapping in C∞(M,N) without critical points, that is a differentiable fibration whose compact
one dimensional fiber F must be a finite disjoint union of the circles S1. Considering the exact homotopy sequence of
the fibration F ↪→ M → N one can immediately obtain that πq(M)  πq(N) for any q  3.
In this paper we are going to prove that, under certain topological conditions on two given compact connected man-
ifolds Mn+k,Nn, the finite subsets of M are not critical for any mapping f :M → N , or equivalently ϕ(M,N) = ∞.
For instance the ϕ-category of the above presented example is shown to be actually infinite. Let us mention that
the ϕ(·,R) has been studied before by F. Takens [10], a classical inequality involving it, for compact manifolds, is
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infinite ϕ-category are provided by [7]. Finally, the (non)criticality problem of finite sets can be framed in the more
general (non)criticality problem of arbitrary closed sets, an important number of interesting examples of (non)critical
sets being given in [4,6].
2. Some homotopy aspects and related results
In this section we obtain some information on the topology of the complement of certain submanifolds of a given
manifold. In this respect we will consider a given manifold M and a submanifold N of M which is closed as a subset
of M and that will be referred, all over the section, as a closed submanifold of M . We start by showing that any
continuous mapping f from a compact manifold with boundary P into M , such that dimP + dimN < dimM , can be
deformed off N , keeping ∂P fixed. More precisely we have:
Proposition 2.1. Let Mm+1 be a connected differential manifold and N ⊆ M be a closed connected submanifold of
dimension nm− 1. If P is a compact differentiable k-dimensional manifold (k m− n, ∂P = ∅) and f :P → M
is a continuous mapping such that f (∂P ) ⊆ M\N , then there exists a continuous mapping g :P → M such that
g(P ) ⊆ M\N, g|∂P = f |∂P and f  g (rel ∂P ).
Proof. It is well known that each homotopy class of mappings from P to M contains a differentiable mapping.
Because f (∂P ) ⊆ M\N , the differentiable mapping g1 in the homotopy class of f can be chosen such that g1(∂P ) ⊆
M\N and the homotopy H between the two of them satisfying, about the equalities H0 = f , H1 = g1, the relation
Ht(∂P ) ⊆ M\N for all t ∈ [0,1]. The arguments to these additional facts are given in [7, Lemma 2.1]. Further
on, by using the elementary transversality theorem [3, Corollary 4.12, p. 56], there exists a differentiable mapping
g2 :P → M and a homotopy G′ :P × [0,1] → M such that g1 G′ g2 rel(∂P ) and Img2 ⊆ M\N . Therefore we have
f H g1 and g1 G′ g2 rel(∂P ).
By transitivity of the homotopy relation, f is homotopic to g2 and the homotopy H ′ from f to g2 satisfies H ′(∂P ×
[0,1]) ⊆ M\N . In order to define a homotopy G with the required properties we consider a collar neighborhood
Q : ∂P × [0,∞) → U ⊂ P
of ∂P and define G is in such a way that, for t ∈ [0,1], Gt applies the strip Q(∂P ×[0, t]), which is diffeomorphic with
∂P × [0, t], into the “cylinder” H ′(∂P × [0, t]) by keeping the border ∂P to be applied into H ′(∂P × {0}) = f (∂P ).
The part P \Q(∂P ×[0, t)) of the manifold P , which is still diffeomorphic with P , will be naturally applied by Gt on
H ′(P × {t}). G is therefore completely defined, Gt covers H ′(∂P × [0, t]) ∪ H ′(P × {t}) and realizes a homotopy
between f and g = G1 whose image is H ′(∂P × [0,1])∪H ′(P × {1}) = H ′(∂P × [0,1])∪ g2(P ) ⊆ M\N . 
Proposition 2.1 still works if we replace the connected submanifold N with a non-connected one. In order to justify
this fact we consider a connected differentiable manifold Mm+1 and a closed submanifold N of M having connected
components of various dimensions. Observe that any compact subset of M intersects at most finitely many among the
components of M . Indeed if M itself is compact, then N is also compact such that N has finitely many components,
so there remains nothing to be proved in this case. On the other hand, if M is non-compact then N could have infinite
countably many components {Ni}i1. Because N is a submanifold of M , it follows that each component is itself a
closed submanifold and for any point p ∈ N there exists a unique i  1 and a neighborhood V ∈ VM(p) such that
p ∈ Ni and N ∩ V = Ni ∩ V , that is V ⊆ M\⋃j =i Nj . If K would be a compact subset of M intersecting infinitely
many components of N , we could find a convergent sequence (xk)k1, xk ∈ K ∩ Nnk , ∀k  1, whose limit we are
denoting by x0, such that Nnk ∩ Nnk′ = ∅ for k = k′. Because N is closed, there exists a unique i0  1 such that
x0 ∈ Ni0 so that the existence of a neighborhood of x0 not intersecting other components, except Ni0 , fails to be true.
Remark 2.2. Let Mm+1 be a connected differentiable manifold and N be a closed submanifold of M with connected
components {Ni}i1 of various dimensions, not exceeding m − 1. If P is a compact differentiable k-dimensional
manifold (k  m − n, ∂P = ∅, where n = maxi1 dimNi ), and f :P → M is a continuous mapping such that
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(rel ∂P ).
The image of f being compact it follows that it intersects only a finite number among the components {Ni}i1
of N . Assume that Imf ∩ Ni = ∅ iff i ∈ {1, . . . , l}. Applying successively, l times, Proposition 2.1 we can get the
desired mapping g. In the particular for the closed discrete subsets of M , as zero dimensional closed submanifolds of
M , we have the following:
Corollary 2.3. Let Mm+1 be a connected differentiable manifold and A ⊆ M be a closed discrete subset of M . If P
is a compact differentiable k-dimensional manifold (k m, ∂P = ∅), and f :P → M is a continuous mapping such
that f (∂P ) ⊆ M\A, then there exists a continuous mapping g :P → M such that g(P ) ⊆ M\A, g|∂P = f |∂P and
f  g (rel ∂P ).
The result of Corollary 2.3 is still true if we consider closed countable subsets of the ambient manifold instead of
just the closed discrete ones. This fact has been proved, for some particular closed countable subsets of the ambient
manifold, in [7], the arguments for the arbitrary ones being given in [8].
Corollary 2.4. Let Mm+1 be a connected differentiable manifold and N be a closed submanifold of M whose con-
nected components {Ni}i1 have various dimensions, not exceeding m − 1. Then the complement M\N is also
connected and πq(M,M\N)  0 for all q ∈ {1, . . . ,m − n}, where n = maxi1 dimNi . Consequently, in particular,
the inclusion map iM\N :M\N ↪→ M is (m − n)-connected, that is πq(iM\N) :πq(M\N) ↪→ πq(M) is an isomor-
phism for q  m − n − 1 and it is an epimorphism for q = m − n, the base points being omitted because all the
involved manifolds are connected.
Proof. The connectedness of M\N follows easily from Remark 2.2, taking the particular case P = [0,1]. The fact
that πq(M,M\N) = 0 for all q ∈ {1,2, . . . ,m − n} is an immediate consequence of Remark 2.2 and of the fact that
[α] ∈ πq(M,M\N) is zero if and only if there exists β ∈ [α] such that β(Dq) ⊆ M\N . Further on, using the exact
homotopy sequence
· · · → πr+1(M,M\N) → πr(M\N) πr(iM\N)−→ πr(M) → πr(M,M\N) → ·· · ,
and πq(M,M\N) = 0 for all q ∈ {1,2, . . . ,m − n}, it follows that the inclusion iM\N :M\N ↪→ M is (m − n)-
connected. 
3. Applications to critical points
Recall that the critical set of a differentiable mapping f :M → N is denoted by C(f ), its set of regular points
M\C(f ) by R(f ) and the set of its critical values f (C(f )) is denoted by B(f ). In this section we apply the results
previously obtained to show that, under certain topological conditions on two manifolds M,N , the finite subsets of
M are not critical with respect to any differentiable mapping of C∞(M,N), or equivalently the ϕ-category of the pair
(M,N) is infinite. The topological conditions that will be provided together with the relations on the dimensions of
the involved manifolds are actually obstructions to the existence of a mapping with finitely many critical points and
they ensures total/partial topological control on the fiber of the restriction M\f−1(B(f )) g→ N\B(f ), p → f (p) of
such a mapping f :M → N .
Although the main theorem of this section works just under serious constraints on the codimension of the fibers of
the involved mapping, the result we are starting with works for arbitrary codimension.
Proposition 3.1. If Mn+k,Nn are differentiable manifolds and f :M → N is a differentiable mapping such that C(f )
is finite, then
πr
(
M,M\f−1(B(f ))) 0  πr
(
N,N\B(f )) for all r ∈ {0, . . . , n− 1}.
In particular the inclusions i :M\f−1(B(f )) ↪→ M , j :N\B(f ) ↪→ N are (n− 1)-connected.
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it is enough to show that for any
[α] ∈ πr
(
M,M\f−1(B(f )))= [(Dr, Sr−1); (M,M\f−1(B(f )))]
there exists γ ∈ [α] such that γ (Dr) ⊆ M\f−1(B(f )). According to Corollary 2.3, there exists β ∈ [α] such that
β(Dr) ⊆ M\C(f ) = R(f ) and α|Sr−1 = β|Sr−1 . On the other hand, taking into account that the restriction f |R(f ) has
no critical points, it follows that (f |R(f ))−1(B(f )) = ⋃q∈B(f )(f |R(f ))−1(q) is a k-dimensional closed submanifold
of R(f ) each term of the union being also a k-dimensional closed submanifold of R(f ). Obviously some of the
pre-images (f |R(f ))−1(q), q ∈ B(f ) could be non-connected but each of them has however a countable number of
components at most. Therefore, using Remark 2.2 it follows that there exists γ1 ∈ [β|Dr,R(f )] such that γ1(Dr) ⊆
R(f )\(f |R(f ))−1(B(f )) and γ1|Sr−1 = β|Sr−1 , where β|Dr,R(f ) is the restriction Dr → R(f ), q → β(q). Choosing
γ = iR(f ) ◦ γ1, where iR(f ) :R(f ) ↪→ M is obviously the inclusion, it satisfies the desired conditions. Finally, the
isomorphisms πr(N,N\B(f ))  0, r ∈ {0, . . . , n− 1} are immediate consequences of Corollaries 2.4 and 2.3. 
Theorem 3.2.
1. Assume that Mn+1,Nn are compact connected differentiable manifolds.
(a) If n 4, π1(M) is a torsion group and π2(N)  0, then ϕ(M,N) = ∞;
(b) If n 5 and πq(M) / πq(N) for some q ∈ {3, . . . , n− 2}, then ϕ(M,N) = ∞;
2. Let Mn+2,Nn be compact connected differentiable manifolds. If n  4, π2(N)  0, π1(M) is a torsion group
such that #π1(M) 3 and also Hom(π1(M),π1(N)) = {0}, then ϕ(M,N) = ∞;
3. Assume that Mn+2,Nn are compact connected differentiable manifolds such that n 5, π2(M)  0 and π3(N)
is a torsion group.
(a) If π2(N)  0 and π1(M) is a torsion group, then ϕ(M,N) = ∞;
(b) If πq(M) / πq(N) for some q ∈ {3, . . . , n− 2}, then ϕ(M,N) = ∞;
4. Assume that Mn+k,Nn are compact differentiable manifolds such that π1(M)  0 and N is (k + 1)-connected. If
n 4, 1 k  n− 3 and Hk(M)  0, then ϕ(M,N) = ∞.
Proof. We have to show that any differentiable mapping from M to N has infinitely many critical points. Assume
that f :M → N has finitely many critical points. This means that the restriction
(1)M\f−1(B(f )) g→ N\B(f ), p → f (p)
is a proper submersion. According to Ehresmann’s theorem, g is a fibration with compact fiber, the only possible
connected components of its fibers being F = S1, for k = 1, and, for k = 2 the connected components of F are either
S2, Tg = T 2# · · ·#T 2︸ ︷︷ ︸
g times
or Pg = PR2# · · ·#PR2︸ ︷︷ ︸
g times
.
Its exact homotopy sequence is
(2)πq+1
(
N\B(f ))→ πq(F ) → πq
(
M\f−1(B(f )))→ πq
(
N\B(f )),
where we have given up to the base points because the total and base spaces are connected and the fiber F can be
identified with its connected component passing through such a base point. Indeed from the point of view of the above
kind of exact sequences, the only connected component of F having contributions to its homotopy groups is the one
passing through the base point.
1. In this case the fiber F of the fibration (1) is S1 and we use, in order to prove the statement (1a), the (n − 1)-
connectedness of the inclusions i, j and the following part of the exact homotopy sequence (2)
· · · → π2(N\B(f ))

π1(S1)

π1(M\f−1(B(f ))) → ·· ·

0  π2(N) Z π1(M).
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In order to prove (1b) we use the commutative square
(3)
M\f−1(B(f ))
i
g
N\B(f )
j
M
f
N
j ◦ g = f ◦ i
and the exact homotopy sequence (2) which provides us with the following picture
· · · → πq(S1)

πq(M\f−1(B(f )))
πq(i)
πq(g)
πq(N\B(f ))
πq(j)
πq−1(S1) → ·· ·

0 πq(M)
πq(f )
πq(N) 0
with commutative middle square, that is πq(j) ◦πq(g) = πq(f ) ◦πq(i). The upper part of the above diagram ensures
us that πq(g) is an isomorphism which leads us to the conclusion that πq(f ) = (πq(i))−1 ◦ πq(j) ◦ πq(g) is also an
isomorphism since πq(i) and πq(j) are isomorphisms too.
2. Using again the exact homotopy sequence (2) and the commutative square (3) we get the picture
· · · → π2(N\B(f ))

π1(F ) π1(M\f−1(B(f ))) π1(g)
π1(i)
π1(N\B(f )) → ·· ·
π1(j)
0  π2(N) π1(M) π1(f ) π1(N)
with commutative right square, that is π1(j) ◦ π1(g) = π1(f ) ◦ π1(i). The above diagram ensures us on the one hand
that the group homomorphism induced by the inclusion F ↪→ M is an isomorphism at the level of the fundamental
groups, since Hom(π1(M),π1(N)) = {0}, and on the other hand that F is either S2 or PR2 because otherwise the
torsion fundamental group π1(M) would have infinite cyclic subgroups since π1(i) is an isomorphism. But since
π1(F ) is either trivial or Z2, it follows that it cannot be isomorphic with π1(M) since #π1(M) 3.
3. We use the following part of the exact homotopy sequence (2) and observe
π3(N\B(f ))

π2(F ) π2(M\f−1(B(f )))

π2(N\B(f ))

π1(F ) π1(M\f−1(B(f )))

0  π3(N) π2(M)  0 π2(N) π1(M)
that the first three terms of the above exact sequence forces the second homotopy group π2(F ) of F to be trivial. The
triviality of π2(F ) forces, in its turn, the fiber F to be either Tg , g  1 or Pg′ , g′  2, in both cases the homotopy
groups πq(F ), q  2 being trivial. Indeed F cannot be neither S2 nor P 2(R) since π2(S2)  π2(P 2(R))  Z. Now,
the statement of (3a) follows by applying a similar reasoning as that in the proof of the statement (1a) while (3b)
follows applying a similar one with that in the proof of the next statement (1b).
4. In this case we use the (n− 1)-connectedness of the inclusions i, j and the following part of the exact homotopy
sequence (2)
· · · → π2(N\B(f ))

π1(F ) π1(M\f−1(B(f ))) → ·· ·

0  π2(N) π1(M)  0.
It forces the fundamental group π1(F ) of the fiber to be trivial. Consequently the fiber F is orientable such that
Hk(F )  Z. Using again the (n − 1)-connectedness of the inclusions it follows, by means of the Whitehead theorem
[9, p. 399], that the group homomorphisms induced at the level of homology groups
Hq(i) :Hq
(
M\f−1(B(f )))→ Hq(M), Hq(j) :Hq
(
N\B(f ))→ Hq(N)
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· · · → Hk+1(N\B(f ))

Hk(F ) Hk(M\f−1(B(f ))) → ·· ·

0  Hk+1(N) Hk(M)  0
of the fibration (1) forces the kth-homology group Hk(F ) to be trivial, not being the case since Hk(F )  Z. The
triviality of Hk+1(N) follows from the (k + 1)-connectedness of N . 
Corollary 3.3.
(i) If n  2 and p  3, then ϕ(L2n+1p ,P 2n(R)) = ∞ and also that ϕ(P n+1(C),L2n+1p ) = ∞, where L2n+1p is the
lens space;
(ii) If n 5, then ϕ(T n+k, Sn) = ∞, k ∈ {1,2};
(iii) If p,q  3, r  2 are such that p(p−1)+q(q−1) = 2r2 +4, then ϕ(SO(p)×SO(q),U(r)) = ∞. In particular
we have
ϕ
(
SO(3)× SO(3),U(2))= ∞,
ϕ
(
SO(4)× SO(7),U(5))= ∞,
ϕ
(
SO(4)× SO(10),U(7))= ∞,
ϕ
(
SO(5)× SO(8),U(6))= ∞;
(iv) If n 3 and p  3, then ϕ(P 2n+1(R),L2n−1p ) = ∞;
(v) If n 4 and 1 k  n− 3, then ϕ(Sn+k, Sn) = ∞.
Proof. Indeed the first point (i) follows by using Theorem 3.2(1a) while the second (ii) by using Theorem 3.2(1b)
for k = 1 and Theorem 3.2(3b) for k = 2. The third point (iii) follows by using Theorem 3.2(2) and the fourth (iv) by
using Theorem 3.2(2) or (3a). Finally the fifth point (v) follows by using Theorem 3.2(4). 
Remark 3.4. For m  4 the fact that ϕ(Sm+1, Sm) = ∞ follows also from Theorem 3.2(1a) while the fact that
ϕ(Sm+2, Sm) = ∞, for m 5, follows also from Theorem 3.2(3a).
4. The equivariant case
In this section the case of G-manifolds and G-equivariant mappings will be considered. Let G¯, G be two Lie
groups acting on the manifolds M and N respectively. If ρ : G¯ → G is a Lie group homomorphism, and f :M → N is
a ρ-equivariant mapping, namely f (g¯x) = ρ(g¯)f (x) for all g¯ ∈ G¯ and all x ∈ M , then there exists a unique mapping
f¯ :M/G¯ → N/G which makes commutative the following square
M
πM
f
N
πN
M/G¯
f¯
N/G
πN ◦ f = f¯ ◦ πM,
where M/G¯, N/G are the orbit spaces and πM :M → M/G¯, πN :N → N/G are the natural projections. If the actions
are both free and f is a smooth ρ-equivariant mapping, then M/G¯, N/G both have natural differential structures and
the associated mapping f¯ :M/G¯ → N/G is also smooth. If G¯ = G, then a idG-equivariant mapping f :M → N is
said to be G-equivariant or simply equivariant if G is understood from the context.
Lemma 4.1. Let G¯, G be compact Lie groups acting freely on the compact connected manifolds Mm, Nn, m  n,
respectively and ψ : G¯ → G be a Lie group homomorphism. Assume that G¯ is either G or its universal covering Lie
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mapping f :M → N and f¯ :M/G¯ → N/G. Then for any x ∈ M the following statements are equivalent:
1. x is a regular point of f ;
2. πM(x) is a regular point of f¯ .
The proof of Lemma 4.1 is left to the reader.
Theorem 4.2. Let G¯, G be compact Lie groups acting freely on the compact connected manifolds Mm, Nn respectively
and ψ : G¯ → G be a Lie group homomorphism. Assume that G¯ is either G or its universal covering Lie group G˜ and
that ψ is either idG or the covering Lie group homomorphism ρ : G˜ → G and denote by k the common dimension of
G˜ and G.
1. If m = n + 1  k + 6 and πq(M) / πq(N) for some q ∈ {3, . . . , n − k − 2}, then any ψ -equivariant smooth
mapping f :M → N has infinitely many critical orbits.
2. If m = n + 2  k + 7, π2(M/G¯)  0, π3(N/G) is a torsion group and πq(M) / πq(N) for some q ∈ {3, . . . ,
n− k − 2}, then any ψ -equivariant smooth mapping f :M → N has infinitely many critical orbits.
3. Assume that G¯ = G = S1.
(a) If m = n + 2 8, N is a homotopy n-sphere and πq(S2) / πq(M), πq(M) / 0 for some q ∈ {3, . . . , n − 3},
then any equivariant smooth mapping f :M → N has infinitely many critical orbits.
(b) If m = n+2 8, M is a homotopy m-sphere and πq−1(S2) /πq(N), πq(N) / 0 for some q ∈ {3, . . . , n−3},
then any equivariant smooth mapping f :M → N has infinitely many critical orbits.
Proof. For both of the above assertions it is enough to show that the associated map f¯ :M/G¯ → N/G of any ψ -
equivariant map f :M → N , has infinitely many critical points. Suppose that the associated mapping f¯ :M/G¯ →
N/G, of a certain ψ -equivariant mapping f :M → N , has finitely many critical points. Obviously the restriction
M/G\f¯−1(B(f¯ )) g¯→ N/G\B(f¯ ), G¯x → f¯ (G¯x) = Gf (x)
is a proper submersion, that is a fibration with compact fiber F , according to Ehresmann’s theorem. Its exact homotopy
sequence is:
(4)πq+1
(
N/G\B(f¯ ))→ πq(F ) → πq
(
M/G\f¯−1(B(f¯ )))→ πq
(
N/G\B(f¯ )),
where we have, as usual, given up the base points.
1. In this case the fiber is S1 so that the exact homotopy sequence (4), together with Proposition 3.1, ensures us that
π2(f¯ ) :πr(M/G¯) → πr(N/G) is an isomorphism for any r ∈ {3, . . . , n − k − 2} and π2(f¯ ) :π2(M/G¯) → π2(N/G)
is injective, while πn−k−1(f¯ ) :πn−k−1(M/G¯) → πn−k−1(N/G) is surjective. Consider the following ladder with
commutative rectangles:
→ πr+1(M/G¯)
πr+1(f¯ )
πr (G¯)
πr (ψ)
πr(M)
πr (f )
πr(M/G¯)
πr (f¯ )
πr−1(G¯) →
πr−1(ψ)
→ πr+1(N/G) πr(G) πr(N) πr(N/G) πr−1(G) →
where the rows are the exact homotopy sequences of the principal fibrations G¯ ↪→ M → M/G¯ and G ↪→ N → N/G.
Using the five lemma in the above diagram, for r ∈ {3, . . . , n − k − 2}, it follows that fr is an isomorphism for all
r ∈ {3, . . . , n− k − 2}, which contradicts the hypothesis of (1).
2. We first observe that the fiber F is a compact two dimensional submanifold of M/G\f¯−1(B(f¯ )). Further, we
use the following part
→ π3(N/G\B(f¯ ))

π2(F ) π2(M/G\f¯−1(B(f¯ ))) →

π3(N/G) π (M/G¯)  02
586 C. Pintea / Differential Geometry and its Applications 24 (2006) 579–587of the exact homotopy sequence (4) and observe that it forces the fiber F to be either Tg , g  1 or Pg′ , g′  2, in both
cases its homotopy groups in dimension bigger then or equal to 2 being trivial. From now on the proof is completely
similar to that of the previous statement (1).
3a. The homotopy sequence (4) combined with Proposition 3.1 ensures us that πq(F )  πq(M) for all q ∈
{3, . . . , n − 3}. Therefore, according to the hypothesis, F cannot be neither the sphere S2 nor the projective plane
P 2(R), the two spaces having the same homotopy groups of order bigger then or equal to 2. The case when F is either
Tg , g  1 or Pg′ , g′  2 is completely similar with that of the statement (1).
3b. The homotopy sequence (4) combined with Proposition 3.1 ensures us that πq−1(F )  πq(N) for all q ∈
{3, . . . , n − 3}. Therefore, according to the hypothesis, F cannot be neither the sphere S2 nor the projective plane
P 2(R). The case when F is either Tg , g  1 or Pg′ , g′  2 is completely similar with that of the statement (1). 
A source of free S1-actions on compact Lie groups of rank at least one is provided by the following example:
Let G be a compact Lie group of rank r  1 and T be a maximal torus of G. If r = 1 we already have a free
action of S1 on G, so we shall consider the case r  2. Consider a Lie group isomorphism γ :T r → T and a1, . . . , ar
non-zero natural numbers, where
T r := S1 × · · · × S1︸ ︷︷ ︸
r times
is the r-dimensional torus. Consider the action S1 × G → G, (z, g) → g · (γ (za1 , . . . , zar ))−1 and observe that
(a1, . . . , ar ) = 1 implies the freedom of the action.
Corollary 4.3.
1. Consider the usual free action of S1 on Sp(2) as the maximal torus of Sp(2) and the usual free S1 action on
S2n+1. If S1 × U(3) → U(3) is any free action, then any equivariant mapping f : Sp(2) → U(3) has infinitely
many critical orbits. Also any equivariant mapping g : Sp(2) → S9, h :S11 → Sp(2) has infinitely many critical
orbits.
2. Consider the usual free action of S3 on S4m+3 and the usual free SO(3) action on SO(n). If m, n are such
that 8m = n2 − n − 2, n 7, and ρ :S3 → SO(3) is the Lie group universal covering homomorphism, then any
ρ-equivariant mapping f :S4m+3 → SO(n) has infinitely many critical orbits. In particular any ρ-equivariant
mapping f :S23 → SO(7), g :S47 → SO(10), h :S107 → SO(15) has infinitely many critical orbits.
3. Consider an arbitrary S1 free action on SO(7).
(a) Any equivariant mapping f : SO(7) → S19 has infinitely many critical orbits.
(b) Any equivariant mapping f :S23 → SO(7) has infinitely many critical orbits.
Proof. 1. Follows from Theorem 4.2(1) taking into account that π4(U(3))  π4(SU(3)× S1)  0 / Z2  π4(Sp(2)),
and that π3(Sp(2))  Z / 0  π3(S9)  π3(S11).
2. Follows from Theorem 4.2(2) taking into account that π2(S4m+3/S3) = π2(PmH)  0 and π3(SO(n)/SO(3)) =
π3(Vn−3(Rn))  Z2, where Vn−3(Rn) is the Stiefel manifold of orthonormal (n− 3)-frames in Rn.
3a. Follows from Theorem 4.2(3a) taking into account that π7(S2)  Z2 / Z  π7(Spin(7))  π7(SO(7)) / 0.
3b. Follows from Theorem 4.2(3b) taking into account that π6(S2)  Z2 / Z  π7(Spin(7))  π7(SO(7)) / 0. For
the various homotopy groups mentioned along the proof we refer [2, pp. 366, 368, 369] and [5, p. 91]. 
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